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$KV$ . $v$ $v$ ( )
( ) $KV$ KV ( )
. graded $G_{1},$ $G_{2}$
. $G_{1}$ $G_{2}$ $U_{\}}D$ .
DU-UD $=rI$ ( , $r\in \mathbb{Z},$ $I$ $’]^{\backslash }\overline{\underline{\mathrm{B}}}$ )
$G_{1}$ $G_{2}$ $r$-dual .
, .
path standard tableau
. stand $\mathrm{d}$ tableau Robinson
, $r$-dual
, Fomin .
standard tableau semi-standard tableau
Robinson-Schensted
. paths semi-standard tableaux
semi-graded , $D$
, $U$ DU-UD $=D$
.
Robinson-Schensted .
1. NOTATION AND MAIN THEOREM
($V,$ $E$ , start, end) ( $V$ ; , $E$ ; , start : $Earrow V$ ; ,
end: $Earrow V_{\}}$. ) . $\rho$ : $Varrow E$ $e\in E$ ,
$\bullet$
$\rho\circ$ start (e) $\leq\rho\circ$ end(e)
$\bullet$
$\rho\circ$ start(e) $=\rho\circ$ end(e) $\Leftrightarrow$ start(e) $=$ end(e)
, $\rho$ rank function ( $V_{?}\rho,$ $E$ , start, end)
semi-graded graph . Semi-graded ($V,$ $\rho,$ $E$ , start, end) (
$V_{i}=\rho^{-1}(\{i\}),$ $E_{i}=$ { $e\in E|\rho\circ$ start(e)-t- $\mathrm{i}=\rho\circ$ end(e)}
. $V_{i}$ , $V_{0}\neq\emptyset$ ) $i<0$ ,
$V_{i}=\emptyset$ . semi-graded ( $V,$ $\rho,$ $E$ , start, end)
$E_{1}=E$ , gmded .




rank function $\rho$ $V$
, , $(V, \rho, E, E’)$ .
$(V, \rho, E)$ semi-graded . $KV$ , $V$ basis K-





. $D_{E}$ down operato $r$, $U_{E}$ up operator
. rank function $V$
$(V, \rho, U, D)$ , $U$ up operator $U_{U}$ , $D$ down oper-
ator $D_{D}$ . up operator $U_{U}$
$U$ down operator $D_{D}$ $D$ .
$(V, \rho_{7}I)$ $I=V$, start=end=id( )
. , DI=Ul=I( ) .
Semi-graded $(V, \rho, E),$ $(V, \rho, E’)$ , $E+E’:=E$ $E’$
. $(V, \rho, E+E’)$ semi-graded $U_{E+E’}=U_{E}+U_{E’}$ ,
$D_{E+E’}=D_{E}+D_{E’}$ .
$r\in \mathrm{N}$ .
Up operator $U$ down operator $D$ DU-UD $=rI$ ,
$(V, \rho)U)$ $(V, \rho, D)$ graded $(V, \rho, U, D)$ r-duaf
, Robinson
. ([3])
$(V, \rho, U)$ $(V, \rho, D)$ semi-graded . Up operator
$U$ down operator $D$ $D(t)U(t’)=r(tt’)U(t’)D(t)$ ( , $U(s)$ ,
$D(s),$ $r(s)$ $\sum_{i}U_{i}s^{i},$ $\sum_{i}D_{\mathrm{t}},s^{i},$ $\sum_{i}r_{i}s^{i}$ , $r_{i}\in$ )
, generalized Schur operators 7
$(V_{7}\rho, U, D)$ Robinson-Schensted-Knuth
. ([4])
Up operator $U$ down operator $D$ UD-DU $=rD$
, ) Robinson-Schensted
.
Theorem 1.1 ( ). $(V, \rho, U, D)$ semi-
gmded , $(V, \rho, U)$ graded .
$r\in \mathrm{N}$ , ,
(1) $DU-UD=rD$
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. , $(V, \rho, U_{7}D)$ RSS $\Phi$ skew
shape 3 ,
$\{g’$ : $\partial^{+}Sarrow G|$ growth}
$\{(\alpha, g^{\prime/})|_{g’.\partial^{-}Sarrow G,\alpha- compatiblegrowth}^{\alpha.\cdot r- colomdgeneralizedwordonC(S)},.’\}$
$\Phi$ -compatibfe2-growth $g:Sarrow G$
.
Example 1.2. Young $\mathrm{Y}$
. $\lambda\vdash n$ ,
$\rho(\lambda)=n$
$U=\{(\lambda, \mu)|$ $\mu l\mathrm{J}\acute{\mathrm{t}}^{\mathrm{a}}\yen \mathrm{b}$ $n\xi_{\uparrow}^{1}\lambda$ J‘#gr #\nearrow /’}
$D=\{(\lambda, \mu)$ |\not\supset r\sim
. , $(\mathrm{Y}, \rho, U, D)$ graded semi-graded
. DU–UD $=D$ . , $\prod$
,
$D\ovalbox{\tt\small REJECT}=D(\ovalbox{\tt\small REJECT}+\mathrm{F})$
$= \ovalbox{\tt\small REJECT}+\prod+\coprod+\emptyset+\mathrm{F}+\prod+\ovalbox{\tt\small REJECT}+\coprod$ ,
$UD \prod=U(\prod+\coprod+\emptyset)$
$D \prod=\prod+\coprod+\emptyset$ . ,
$U^{n}$-path skew standard tableau & , $D^{n}$-path skew semi-standard
tableau(column-strict tableau) .
(1
$D_{\mathrm{i}}U=UD_{i}+rD_{i-1}$ (for a $i$ )
.
.
Remark 13. $DU_{1}=rU_{1}D+D$ $D_{0}=I$ ,
$D_{1}U_{1}=U_{1}D_{1}+rI$ . , $D_{0}=I$
$(V, \rho, U_{1}, D)$ , ( $V,\rho,$ $U_{1}$ , Dl fr-dual.
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$\mathrm{N}\mathrm{U}\mathrm{M}\mathrm{A}\mathrm{T}\mathrm{A},\mathrm{Y}$.
, Robinson-Schensted standard tableaux
, Robinson .
Remark 14. $(V, \rho, U, D)$ , $U_{0}=I$ , $U(t)$ $D(t)$ gener-
alized Schur operators , $DU_{1}=U_{1}D+rD$ . ,
$(V, \rho, U_{1}, D)$ .
, Robinson-Schensted-Knuth $\mathrm{Q}$-tableau semi-
standard tableau , Robinson-Schensted
.
Remark 15 Theorem 1.1 , Robinson-Schensted $\Gamma’\hat{\llcorner^{\mathrm{Y}}\backslash }$
.
$V$ . ( Robinson-Schensted
)
$U,$ $D$ . (column strictly tableaux Robinson-
Schensted )
$\bullet$
$\mathrm{R}\mathrm{S}$ x\not\subset $\Phi$ . (bumping algorism 1 (
Robinson-Schensted )
$\bullet$ Skew shape $S$ . (up down sequence Robinson-
Schensted )
$\bullet$ Skew young tableaux Robinson-Schensted
.
2. PROOF OF MAIN THEOREM
, . , ,
.
Definition2.1. $(V, \rho, E, E’)$ , $\lambda,$ $\mu\in V$
,
$C_{EE}^{+},(\mu, \lambda)=\{(e’, e)\in E’\mathrm{x}E|_{\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{t}(e)=\mu,\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{t}(e)=\lambda}^{\mathrm{e}\mathrm{n}\mathrm{d}(e)=\mathrm{e}\mathrm{n}\mathrm{d}(e’)},\}$
$C_{EE’}^{-}(\mu, \lambda)=\{(e, e’)\in E\cross E’|1\mathfrak{H})_{(e)=\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{t}(e’)}^{-\mu,\mathrm{e}\mathrm{n}\mathrm{d}(e’)=\lambda}-,$ $\}$
.
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&ample 22. Example 12
. 7
$C_{DU}^{+}$ ($\coprod$, $\prod)=\{(\square ,$ $\mathrm{F},$ $\prod),$ $(\coprod$ , $\blacksquare$ ] $\mathrm{H}\fbox)\}$
$C_{UD}^{-}( \coprod_{)}\square \sum)=\{(\coprod,$ $\emptyset,$ $\prod)\}$
$C_{DU}^{+}(\emptyset,$ $\square )=\{(\emptyset,$ $\prod_{)}\coprod)\}$
$C_{UD}^{-}(\emptyset, \square )=\emptyset$
. , $(\mu, \nu, \lambda):=((\mu, \nu),$ $(\lambda, \iota/))$ .
(1) $DU\lambda=(U+rI)D\lambda$
.
$\Phi_{\mu,\lambda}$ : $C_{DU}^{+}(\mu, \lambda)arrow$
$(C_{UD}^{-}(\mu)\lambda)\cross\{\mathrm{O}\})\cup(C_{ID}^{-}. (\mu_{\dot{\mathit{1}}}\lambda)\cross\{1, \ldots, r\})$ .
$-arrow$ $(\mu, \lambda)\in V^{2}$ $\Phi=$
$\{\Phi_{\mu,\lambda}|(\mu, \lambda)\in V^{2}\}$ RSS .
$\Phi$ : $\cup C_{DU}^{+}(\mu, \lambda)arrow$
$\lambda,\mu\in V$
$\cup$ $((C_{UD}^{-}(\mu, \lambda)\mathrm{x}\{0\})\cup(C_{ID}^{-}(\mu, \lambda)\mathrm{x}\{1, \ldots, r\}))$
$\lambda,\mu\in V$
.
Example 2.3. Example 12
, $C_{DU}^{+}( \coprod,[\square ))C_{UD}^{-}(\coprod,\prod)$ Example 12
,
$\Phi_{\coprod\subset\coprod}$ ($\coprod$, , $\text{ }\prod)=((\coprod,$ $\emptyset,$ $\prod),$ $0)$
=(( $\prod),$ $1)$
. ) $C_{DU}^{+}(\emptyset,$ $\coprod),$ $C_{UD}^{-}(\emptyset$ , $\blacksquare$ Exam-
ple 12





$\Phi_{\mu,\lambda}’$ : $C_{DI}^{+}(\mu, \lambda)\ni(e, e’)\mapsto((e’, e))0)\in C_{ID}^{-}(\mu, \lambda)\mathrm{x}\{0\}$ .
$\mathrm{R}\mathrm{S}$- $\Phi$ $\tilde{\Phi}:=\Phi\cup\{\Phi_{\mu,\lambda}|(\mu, \lambda)\in V^{2}\}$
extended RSS . Extended RSS $\tilde{\Phi}$
$\tilde{\Phi}$ : $\cup C_{D(I+U)}^{+}(\mu, \lambda)arrow$
$\lambda,\mu\in V$
$\cup(C_{UD}^{-}(\mu, \lambda)\rangle\langle\{0\}\cup C_{ID}^{-}(\mu, \lambda)\rangle\langle\{0, \ldots, r\})$
$\lambda,\mu\in V$
. $\tilde{\Phi}_{1}$ 1 , $\tilde{\Phi}_{2}$ 2
( , $\tilde{\Phi}(x, x’)=((e’, e),$ $n)$ , $\tilde{\Phi}1=(e’, \mathrm{e}),\tilde{\Phi}_{2}=n$ ,
$\tilde{\Phi}_{1}$ : $\cup C_{D(I+U)}^{+}(\mu, \lambda)arrow$ $\cup C_{(I+U)D}^{-}(\mu, \lambda)$
$\lambda,\mu\in V$
$\lambda,\mu\in V$
$\ovalbox{\tt\small REJECT}_{2}$ : $\cup C_{D(I+U)}^{+}(\mu, \lambda)arrow\{0, \ldots, r\}$
$\lambda,\mu\in V$
).
, extended RSx $\tilde{\Phi}$ . ,
local paths extended RSt
$\tilde{\Phi}$ ,
, global paths . , rank
Robinson-Schensted ,
, ( ) .
, extended RSR $\tilde{\Phi}$
.
Definition 2.4. $\mathrm{N}^{2}$ finite convex subposet $S$ skew shape .
$\rho(i, j):=i$ $j$ ,
$V_{S}:=\{((i, j), (i+1, j))\in S\mathrm{x}S\}$ ,
$H_{S}:=\{((\mathrm{i}, j), (i, j+1))\in S\mathrm{x}S\}$
, $(S, \rho, V_{S}, H_{S})$ graded . 3
$i,j$
$:=\{(\mathrm{i}, j), (\mathrm{i}-1, j), (i, j-1)_{2}(i-1, j-1)\}\subseteq S$
$S$ cell . ,
. $C(S):=$ { $S$ cell} .
$\partial^{+}S:=\{(i, j)\in S|(i+1, j+1)\not\in S\}$ ,
$\partial^{-}S:=\{(\mathrm{i}, j)\in S|(\mathrm{i}-1, j-1)\not\in S\}$
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upper boundary, loweer boundary .
skew shape , extended RS-
.
Definition2.5. $S$ skew shape , $(V, \rho, E, E’)$ semi-graded
.
$g=(gs$ : $Sarrow V$,
$g_{V}$ : $V_{S}arrow E$ ,
$g_{H}$ : $H_{S}arrow E’$ )
, $e\in V_{S}\cup H_{S}$ start $(g(e))=g(\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{t}(e)),$ end(g(e))=
$g(\mathrm{e}\mathrm{n}\mathrm{d}(e))$ , 9 $S$ $(V, \rho, E, E’)$ 2-growth
.
Definition 2.6. $\mathrm{R}\mathrm{S}$ $\Phi$ , $S$ cell $\square \in$
$C(S)$ , $\tilde{\Phi}_{1}$ ($g$ ( $\partial^{+}$ )) $=$ g(\partial - ) , $2$-growth
$g$ : $Sarrow(V, \rho_{7}U+I, D)$ $\Phi$ -compatible .
Definition 27. $\Phi$-compatible $2$-growth $g$ ; $Sarrow(V, \rho, U+I, D)$
, $\alpha_{g}$ : $C(S)arrow\{0, \ldots, r\}$ , \mbox{\boldmath $\alpha$}g( ) $=\tilde{\Phi}_{2}\circ$ g(\partial +( )) .








$S=\{(i, j)\in \mathrm{N}^{2}|\mathrm{i}\leq 2, j\leq 1\}$ $\Phi$-complatible growth
. , $\alpha_{g}(\text{ _{}1,1})=1,$ $\alpha_{g}(\text{ _{}2,1})=0$ . .
$\Phi$-compatible growth cell , $\tilde{\Phi}_{1}(g(\partial^{+}\text{ }))=g(\partial^{-}\square )$
, $g_{1\epsilon+s}$ . , $\tilde{\Phi}$
, cell , $\tilde{\Phi}$ (g(\partial + )) $=$ ($g(\partial^{-}\text{ }),$ $\Phi_{2}$ (\partial - )) ,




Lemma 29. $RS$ $\Phi$ ,
(2) { $g_{1_{\partial}+s}|g$ $S$ $\Phi$ -compatible2-growth }
(3) { $(g_{\mathrm{f}\partial^{-s^{)}}}a_{g})|g$ $S$ $\Phi$ -compatible2-growth}
9 .
, (2) (3) . (2) 7
{ $g_{1_{\mathit{8}}+s^{1}}|g$ $S$ $\Phi$-compatible2-growth}
$=$ { $g|\partial^{+}S$ growth}
. , (3)
.
Definition $2\cdot 10$ . $S$ skew shape . $\alpha$ : $C(S)arrow\{1, \ldots r\}\}$
1 non-zero cell , , $\alpha(\square _{i,j})\neq$
$0$ , \mbox{\boldmath $\alpha$}( i,k) $\neq 0$ $j=k$ , $\alpha$ $r$ -colored gen-
eralized wo$rd$ . , $\partial^{-}S$ 2-growth 9 ,
$(i-1, j),$ $(i, j)\in\partial^{-}S$ $\rho \mathrm{o}g(i-1, j)<\rho \mathrm{o}g(i, j)$
$i,k\in C(S)$ \mbox{\boldmath $\alpha$}( ,k) $=0$ , $g$ $\alpha$ -compatible
.
$\rho \mathrm{o}g$ x , \mbox{\boldmath $\alpha$}g( i,D $=0$ , $\rho \mathrm{o}g(i, j)-\rho \mathrm{o}g(\mathrm{i}-$
$1,$ $j)=\rho \mathrm{o}g(i, j-1)-\rho \mathrm{o}g(\mathrm{i}-1, j-1)$
$\mathrm{R}\mathrm{S}$ $\Phi$ . $U$ graded ,
$\rho \mathrm{o}g(i,j)-\rho \mathrm{o}g(i-1,j)$ 0 1 . $\rho \mathrm{o}g(i,j)-\rho\circ$
$g(\mathrm{i}-1,j)\geq\rho \mathrm{o}g(i,j-1)-\rho \mathrm{o}g(\mathrm{i}-1,j-1)$
$1_{\sqrt}1$
, $\alpha_{g}$ $r$-colored generalized word $g|_{\partial^{-}\mathrm{S}}$ $\alpha_{g}$-compatible
. , $\tilde{\Phi}$ ,
{ $(g_{l\partial^{-}s},$ $\alpha_{g})|g$ $S$ growth }
$=\{(g, \alpha)|_{\alpha,r- \mathrm{c}\mathrm{o}1\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}1\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}\mathrm{w}\mathrm{o}\mathrm{r}\mathrm{d}}gj.\alpha- \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{b}1\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{w}l\mathrm{h}\mathrm{o}\mathrm{n}\partial^{-}S\}$
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3.1. Variation of Edges. Young $\mathrm{Y}$










. , Example 12 , DU–UD $=D$
. , $D’U-UD’=D’$ , $D^{\prime n}$-path
(skew) row-strict tableau . , $(DD’)U-U(DD’)=$
$2(DD’)$ , $(DD’)^{n}$-path ([7] )(skew) marked
tableau .
32. Variation of $\mathrm{R}\mathrm{S}$-correspondences. $(\mathrm{Y}, \rho, U, D)$
. RSD . , $(\mu, \lambda)\not\in D$
, $(\mu, \lambda)\in D$ , RS\in .
$(\mu, \lambda)\in D$ . $\lambda$ $\mu$ $\lambda/\mu$ $\fbox_{*}$ ) ,
$\lambda=(12,8,5,4),$ $\mu=(10,5_{7}5,3)$ ,
. $D$ , 1 .
$\lambda$ coconer
$\fbox_{0}$ , , 1, 2, . . . ,




. $\ovalbox{\tt\small REJECT}_{\mathrm{c}}^{\sim}o\hat{e}$ , 1
$\fbox_{1}$
. , $\fbox_{2},$ $\fbox_{3},$ $\ldots$
$\fbox_{a},$ $\fbox_{b},$
$\ldots$ , .






, $C_{DU}^{+}(\mu, \lambda)=\{(\mu, \lambda\cup x, \lambda)|x=\fbox_{1},\fbox_{2}, \ldots\}$ .








. , $\lambda$ $\mu$ $ID$-pat $\mu$
, , $\mu$ 1 . ,
$C_{(U+I)D}^{-}(\mu, \lambda)=\{(\mu_{7}\lambda\cup x, \lambda)|x=\emptyset,a\fbox,\fbox_{b}, \ldots\}$ .
, $\{\fbox_{1}, \fbox_{2}, \ldots\}$ $\{\emptyset,\fbox_{a},\fbox_{b}, \ldots\}$
$\mathrm{R}\mathrm{S}$ .
, $\fbox_{1}\Leftrightarrow\emptyset,$ $\fbox_{2}\Leftrightarrow\fbox_{a},$ $\fbox_{3}\Leftrightarrow\fbox_{b}$ , . . . ,
Theorem 1.1 Robinson-Schensted .
$\fbox_{1}\Leftrightarrow\fbox_{a},$ $\fbox_{2}\Leftrightarrow\fbox_{b},$ $\ldots\fbox_{n}\Leftrightarrow\emptyset_{\backslash ,\prime}$ , Theorem
1.1 column insertion Robinson-Schensted .
3.3. Variation of Skew Shapes. $\mathrm{R}\mathrm{S}$ $\fbox_{1}\Leftrightarrow\emptyset,$ $\fbox_{2}\Leftrightarrow\fbox_{a}$ ,
$\fbox_{3}\Leftrightarrow\fbox_{b},$
$\ldots$ .
$S=\{(i, j)\in \mathrm{N}^{2}|\mathrm{i}+j\leq n\}$ , Theorem I.l $(U+$
$I)D(U+I)D\cdots(U+I)D$-path . $g(n, 0)=$
$g(0, n)=\emptyset$ - , $\emptyset$ $\emptyset$ $(U+$
$I)D(U+I)D\cdots(U+I)D$-path $n!$ .
$S=\{(i, j)\in \mathrm{N}^{2}|i\leq n, j\leq m\}$ . 9 $(n, 0)=g(0_{7}n)=$
$\emptyset$ , Robinson-Schensted
. $g(n, 0)=g(0, n)=\emptyset$ skew
tableau Robinson-Schensted .
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